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The idea was then extended by Huang and colleagues [28] into the generalized Jacobian. The difference is that the generalized Jacobian considers the theoretically inaccessible instantaneous motions between the joint space and operation space, which is an important issue in the stiffness and accuracy analysis. Based upon the overall and generalized Jacobians, the stiffness analyses of a number of lower mobility parallel manipulators have been investigated [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The advantages of the screw theory based approach is that it enables the Cartesian stiffness matrix to be decomposed into two meaningful components associated respectively with actuations and constraints, providing designers with clear and useful guidelines for taking appropriate measures to improve static performance of the system.
It should be pointed out that besides the deflections caused by the payload exerted upon the end-effector, the deflections caused by the gravity of the robot structure itself should be considered in the compliance analysis of the 5-DOF hybrid manipulators, particularly for applications that orient them primarily horizontally. Several attempts have been made to deal with this problem by treating gravity as a concentrated force [29] [30] [31] , or as equivalent pairs of parallel forces applied on the adjacent joints [16] . However, these treatments are insufficient in the cases where the link compliances are not negligible, thus remaining an open issue to be investigated.
This paper presents a semi-analytical approach for compliance analysis, applied explicitly to a 3-SPR parallel mechanism which forms the main body of a 5-DOF hybrid manipulator especially designed for high-speed machining and forced assembling. Having outlined the existing challenges above, the paper is organized as follows. The system description and inverse displacement analysis are addressed briefly in Section 2. Section 3 then executes the detailed procedure for deflection analysis of the mechanism, concentrating upon: (1) formulation of a linear map between joint forces and an externally equivalent applied wrench imposed on the platform; (2) establishment of a precise model for the joint deflections; and (3) formulation of the component compliance matrices in the joint space using a semi-analytical approach. A numerical example is given in Section 4 to illustrate the effectiveness of the approach and conclusions are drawn in Section 5. Fig.1 shows a 3D view of the 5-DOF hybrid manipulator under consideration, which is essentially composed of a 3-SPR parallel mechanism plus a 2-DOF rotating head attached to the platform via a trust bearing. The parallel mechanism consists of a platform, a base, and three identical SPR limbs. The major distinctions between the current design and the Exechon robot [7] are: 1) the use of three identical SPR limbs instead of two UPR plus one SPR limbs, 2) the use of fork type joints to reduce the base size, and 3) the use of cants with inclination angles to the base to reduce the overhang distance of the centre of the spherical joints and thus avoid interference between the base and limbs. The spherical joint contains a rotating fork, a rotating block and a carriage, they are sequentially connected by shafts and bearings. In order to achieve a compact design, the rotating block is embedded within the rotating fork and carriage. The lead-screw is then placed through the rotating block and the carriage. A being its origin. Fig.3 and 4 show the locations of the axes of these frames.
System Description and Inverse Kinematics
According to the frame settings described above, the joint axes are arranged in the ways 
where u , v and w are the unit vectors of the three orthogonal axes of
 
R . Given the dimensional parameters and the position of the point P , an inverse displacement analysis is carried out as the prerequisite for deflection analysis of the 3-SPR parallel mechanism. As shown in Fig.2 
Then, R can be determined using Eq. (2) 
where  is the inclination angle of the cant in the base.
Compliance Analysis
This section introduces a semi-analytic compliance model of the 3-SPR parallel mechanism that simultaneously takes into account all significant component compliances, including axial and bending compliances of the links, and compliances of the S, P and R joints. By assuming the system is linearly elastic in nature, we treat the base and platform (including the 2-DOF rotating head) as rigid bodies since superposition can be used wherever required to consider their compliances. This analysis also takes into account the deflections induced by gravity of all the movable components.
Force Analysis
Force analysis of the 3-SPR parallel mechanism is concerned with the formulation of a linear map between the externally applied wrench imposed upon the platform and the reaction forces at B . These reaction forces cannot be solved directly because there are nine unknowns in the six equilibrium equations. Consider, however, the free-body diagram of the th i limb-body assembly as shown in Fig.6 , which exposes the reaction forces and couples in the revolute joint. Then, taking moments of all 
Substituting Eq. (11) into Eq. (9) and rewriting in matrix form results in
where , , , 
Deflection Analysis
Deflection analysis of the 3-SPR parallel mechanism is concerned with the formulation of the linear map between deflection twist of the platform and the virtual linear deflections at 
where  r and  α are the linear deflection at P and the angular deflection of the platform; and 
Rewriting Eq. (14) in matrix form finally results in
,,  will be addressed in Section 3.5
Compliance Modelling
Having developed the two linear maps above, the deflection model of the mechanism is easily obtained. (20) where C is referred to as the compliance matrix in the Cartesian space. It is easy to see that model developed here contains two components, i.e., the deflection caused by resultant externally applied wrench imposed upon the platform and that caused by the deflections t  ρ arising from the distributed gravity of the limb-body assemblies. Obviously, t $ in Eq. (20) can also be decomposed into another two components, i.e., ,,
where ,, 
where 
Note that "  "means the compliance coefficient along the x4 axis is infinite, meaning that the virtual displacement along the x4 axis is a rigid body motion for fulfilling the compatibility conditions as all limbs share the same platform. To evaluate the component compliances, we group all the parts within an SPR limb into one of two sub-assemblies. Referring to Fig.8 , the first sub-assembly comprises the R joint and the limb body, whereas the second sub-assembly comprises the prismatic joint (including the lead-screw assembly with its supporting bearings and the motor) and the spherical joint. The elements in aa C , cc C and ac C can then be modelled by 
An Example
Equipped with the compliance model developed in Section 3, we take the 5-DOF hybrid manipulator shown in Fig. 1 as an example to investigate the payload and gravity of the platform and limb-body assemblies on the pose accuracy of the end-effector. As shown in Fig.2 , the task workspace t W of the manipulator is a cylinder of radius R and height h with a distance H from the x-y plane to its inner (right-hand) bound and an offset f along the y  axis. Partially referencing the current design of the Exechon 700 robot [7] , the dimensions, component compliance coefficients, masses and center of mass locations of the relevant components are given in Tables 1-5 . All the data are extracted from the 3-D model and evaluated by finite element analysis and/or product specifications. Table 1 Dimensions and workspace of the 3-SPR parallel mechanism )   240  220  570  550  20  477  12  1300  750  240  200   Table 2 Compliance coefficients of the first sub-assembly evaluated in the body fixed frames (units : Table 3 Compliance coefficients of the S joint evaluated in the body fixed frames (units: Table 4 Coupled compliance coefficients of the S joint evaluated in the body fixed frames (units: 
$
and , ensure a light weight yet rigid design of the overall system (given a maximum allowable deflection of the platform within the entire task workspace), two of the open issues that remain to be investigated are: how to achieve compact yet rigid design of these joints; and how to balance the weights and rigidities of all the movable components. These issues must, however, be addressed in a separate paper. 
and Configuration (2) with
. It should be pointed out that in the FE modelling of the manipulator the base and the platform (including the 2-DOF rotating head) are treated as rigid bodies in order to match the boundary conditions assumed in the semi-analytic analysis. Meanwhile, the bushing joint defined in ANSYS ® is used to model the rigidities of either a revolute or a prismatic joint along/about three orthogonal axes in its own local body-fixed frame. Please note 
Fig. 14 Deflections along the z axis arising from gravity of (a) the platform and limb-body assemblies (b) the platform (c) the limb-body assemblies at configuration (2) 13 that the compliance coefficients of a joint are set in such a way that they are identical to those used in the semi-analytic analysis. Figs. 13 and 14 show the deflections of the manipulator in the direction of the y and the z axes arising from gravity of the platform, the limb-body assemblies, and the both, respectively; and Table 7 summarizes the simulated deflections of point P in the corresponding directions. It can be seen that the results obtained by the semi-analytic approach match very well with those evaluated by FEA for the three cases at different configurations, thus convincing the validity of the proposed semi-analytic approach.
Conclusions
By taking gravity into account, we propose a semi-analytic approach for compliance analysis, applied to a 3-SPR parallel mechanism. The following conclusions are drawn.
(1) Kinetosatic analysis confirms the benefits of treating contributory components in groups related to different functional aspects of the machine. The resultant externally applied wrench imposed upon the platform contains two components, one associated with the payload and gravity of the platform, the other with the lumped gravity of the limb body assemblies. The resultant deflection twist of the platform also contains two components, one associated with the joint deflections arising from the resultant externally applied wrench, and the other from the limb body assemblies under the action of their distributed gravity. (2) The semi-analytical approach proposed for formulating and computing the actuated and constrained components compliance and the joint deflections due to the distributed gravity of the limb body assemblies allows the deflection of the platform within the entire task workspace to be evaluated in an efficient and accurate manner. (3) For the considered 5-DOF hybrid manipulator, the gravity of moving components, especially the platform (including the 2-D rotating head) is a key factor strongly affecting the pose accuracy of the end-effector, leading to an issue in need of considerable further investigation for achieving a light weight yet rigid design of the limb-body assemblies and the 2-D rotating head. This, however, deserves to be addressed in separate papers.
